Abstract. We discuss charmed mesons in the covariant Dyson-Schwinger-Bethe-Salpeterequation approach. In particular we computed masses, leptonic decay constants, and an orbital-angular-momentum decomposition for a basic set of states. We also report an efficient way to treat the two coupled quark propagator dressing functions via a single function.
Introduction
Investigating the non-perturbative features of quantum chromodynamics (QCD), in particular dynamical chiral symmetry breaking (DχSB) and confinement, and their relation to the formation and appearance of the visible matter in the universe, are as central aspects of current hadron physics as the properties of matter at high temperatures and densities. Similar appeal is attributed to the observation and an in-depth understanding of patterns of mesons with exotic quantum numbers [1] [2] [3] . Among other intersting topics, the role of DχSB in excited and exotic meson states is of high interest and significant difference from ground states. Hence, exotic mesons are an important object of study in order to understand the effects of DχSB on meson properties.
Furthermore, it has been demonstrated [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] that open-flavor mesons are best suited to study the interrelation of DχSB and medium modifications of mesons due to the direct coupling to the chiral condensate. In particular, contrary to light-quark mesons, where the chiral condensate is suppressed by the light-quark mass [16] , and heavy-quark mesons, where the chiral condensate only enters indirectly via higher-order terms of the operator product expansion [17] , for open-flavor mesons the chiral condensate's numerical impact is enhanced by the heavy-quark mass [18] [19] [20] . Therefore, in particular quasi-exotic open-flavor mesons [21] are expected to be extremely sensitive probes of DχSB and its restoration at higher densities and/or temperatures.
While commonly exotic mesons are attributed to states with more degrees of freedom than simple quark-antiquark constellations, it is easy to see that on a Poincaré covariant level exotic quantum numbers can be realized already by virtue of quark-antiquark bilinears [21] [22] [23] . In such a setting, quarkantiquark states are subject to an additional relative-time dgree of freedom as a result of the equivalence of space and time as well as the relativity of simultaneity. This additional relative-time freedom lifts the quark-model restriction of J PC and allows for exotic quantum numbers via the corresponding C, which otherwise can only be realized by additional gluon (hybrids) or quark (tetraquarks) degrees of freedom.
In the search for exotic mesons and the investigation of their properties, we explore the applicability of the combined Dyson-Schwinger-Bethe-Salpeter-equation (DSBSE) approach [24] [25] [26] [27] [28] [29] in rainbow ladder (RL) truncation [30] to mesons consisting of at least one charm quark, thereby extending the study presented in [21] to a much wider range of quark masses. Within this approach, the nonperturbatively dressed quark propagator is obtained as solution to the quark Dyson-Schwinger equation (DSE) and serves as an input for the quark-antiquark meson Bethe-Salpeter equation (BSE) [31, 32] . The RL truncation provides a reliable meson phenomenology for heavy-quark mesons [33] [34] [35] [36] . For light-quark mesons the situation is more difficult and a recent analysis suggests that, apart from obvious effects of resonant corrections to the truncation, the situation requires even further study to arrive at a definite conclusion [37] . However, already from the beginning, RL truncation is protected via the identities it satisfies, in particular the axialvector Ward-Takahashi identity (avWTI), which ensures the correct realization of DχSB in the DSBSE approach by construction in every numerical study such as this. It's range of applicability naturally comprises scenarios with [38] and without DχSB [39] . First investigations of open-flavor mesons beyond RL truncation have been performed in [40] [41] [42] , where truncation effects have been studied both qualitatively and quantitatively.
A major long-standing unresolved issue is posed by the occurrence of complex conjugated pole pairs in the quark propagator, which spoil a direct and numerically stable solution of the homogeneous BSE if the BSE's quark momentum domain covers these poles [43] . Direct extension beyond the pole threshold requires extremely demanding numerical procedures [44, 45] if the result is to be numerically stable [46] [47] [48] [49] [50] [51] . By pole threshold we refer to the maximal accessible bound state mass where the quark momentum domains still remain clear from non-analyticities. Another possibility is to exploit the analytic properties of the eigenvalue curves at the on-shell bound state momentum to extract the bound state mass from off-shell eigenvalues [52] . However, the latter procedure does not provide a bound state's Bethe-Salpeter amplitude (BSA) and, therefore, does not allow for a sophisticated analysis of, e. g., leptonic decay constants or other observables. Another approach still involves the use of inhomogeneous versions of the appropriate BSE, which in general provides off-shell information and can be used to fit or extrapolate desired on-shell properties, including leptonic decay constants [53] [54] [55] .
Our approach is to use the homogenous BSE and maximize the pole threshold by exploiting the inherent Poincaré covariance of this approach. Due to the non-perturbatively dressed quark propagator and the resulting strong momentum dependence of the quark mass function, in particular for infrared momenta, the quark momenta are fixed by the meson bound state momentum P 2 and the relative quark momentum k 2 only up to the momentum partitioning parameter η. Having genuine solutions of the BSE at hand, also allows to study leptonic decay constants and to further explore the notion of in-hadron condensates. In [56] it has been demonstrated that this freedom can indeed extend the range of applicability for open-flavor mesons. Later this algorithm has been utilized in an exploratory study of the 0 − open-flavor bound state masses and leptonic decay constants [57] .
Within a Poincaré covariant approach the decomposition of equal-flavor and open-flavor bound state amplitudes in terms of Lorentz and Dirac structures is identical and, in principle, allows for the same analysis of C-parity symmetries in both cases [37] . Furthermore, comparing orbital-angular momentum decompositions (OAMDs) of open-flavor and equal-flavor states does not reveal any qualitative differences in the nature of the states [21] . As, thus, input and output properties are indistinguishable w. r. t. the quark mass ingredients it is reasonable to assume, that these states and their properties are both related and connected by variation of the quark masses.
In general, nature and any theoretical treatment of mesons should be continuous w. r. t. variations of the quark masses. Consequently, no meson states should appear or disappear from the spectrum when leaving equal flavor cases or ending up on an equal flavor case while varying quark masses. This is indeed the case for sophisticated Poincaré covariant approaches and immediately raises the CONF12 question about the nature of those states which are connected to exotic quark-antiquark states in the equal-flavor case. Under the assumption that such open-flavor states are absent in the quark model both conceptually and actually in any solution set, we call them quasi-exotic mesons [21] .
The previous argument is particularly interesting when viewed apart from a Poincaré covariant approach. The non-restricted C symmetry property in an open-flavor state would raise the questions to which states in the equal-flavor case those states that match our quasi-exotic description could be connected and what their interpretation should be.
Revisiting the quark Dyson-Schwinger equation
Given the dressed-quark propagator S for quark momentum p in the vacuum parametrized as
the projected vacuum quark DSE in Euclidean space and rainbow truncation can be cast in the form
where k G and k Q are the gluon and quark momenta in the integral, respectively, Z 2 and Z 4 are renormalization constants, C F is a color factor, and G an effective interaction. The reduced propagator projections
and the transversal projector is P
In this parametrization the propagator functions A and B are coupled via the non-linear, in-homogenous integral equations (2) . With
Eq. (2) can be cast in the Form
with
and
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where our choice is ∆(p) ≡ ∆ + (p). Instead of dealing with two functions coupled via the integral equations (2), it suffices to solve Eq. (8) . The key is that the two non-equivalent functions in question, A and B, are only coupled via the two equations (2). In contrast, the two functions coupled by Eq. (5) are also related by complex conjugation of function and argument. All "traditional" propagator functions can uniquely be determined from ∆(p),
For p ∈ R the two real functions A and B are replaced by one complex function ∆. However, for p ∈ C, A and B are complex and, according to Eq. (8), equivalent to the information contained in one complex function. Due to the symmetries of the propagator functions w. r. t. complex conjugation this is not completely surprising.
Eq. (8) may also be used to study the analytic properties of the quark propagator in the complex plane. If ∆ + (p + ) = 0 or ∆ − (p − ) = 0 and, hence,
the dressing functions σ V and σ S have poles. Note, that p enters the integral on the r. h. s., i. e., this equation requires a self-consistent solution. Because of Eq. (7), one has p + = p * − , and, hence, Eq. (10) can further be utilized to give two separate equations for the poles of the quark propagator in the complex plane.
Essentials of the Bethe-Salpeter equation
The DSBSE approach to hadrons uses the BSE to describe mesons as quark-antiquark systems [58] , a covariant Faddeev equation for a three-quark setup to study baryons [59] [60] [61] , and more complicated equations to go beyond these configurations [62] [63] [64] [65] . The covariant amplitudes are then used for the subsequent calculation of form factors or other transiton amplitudes [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] . For our discussion herein, we only sketch the essential aspects related to the homogenous quark-bilinear BSE.
In the quark model, bound states are constructed from their constituents to represent a particular state with well-defined quark orbital-angular momentum l and total quark spin s. The possible set of states with total angular momentum J, parity P and, if the state is its own anti-particle via charge conjugation, charge conjugation parity C is then limited by
In a way the quantum numbers J P(C) are determined a posteriori and constrained, in particular, via adjusting the quark orbital-angular momentum l. However, the latter is neither observable, nor a Poincaré covariant quantity, and, thus, actually not a good quantity to characterize a state initially.
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Within a BSE approach the construction of a bound state follows the opposite path. A particular state is characterized by the Poincaré covariant quantum numbers J P(C) (C of course only when it is an eigenstate of the charge conjugation operator), which determines the basis elements to construct the bound state's BSA [78] . At this point, any particular Lorentz frame may be chosen. While choosing a non-restframe can be advantageous numerically in the calculation of transitions that actually involve boosted amplitudes [79] , any standard meson-spectrum calculation is sensibly be performed in the meson's rest frame. The quark orbital-angular momentum l may then be determined by projecting the bound state's BSA onto eigenstates of the Pauli-Lubanski operator and evaluating their contributions to the canonical norm of the BSA [37, 80] . In this way, one naturally includes all possible wave contributions including ones that are impossible in the quark model, and, in particular, also automatically generates mixed wave contributions, as the norm is bilinear in the wave function. Thus, the DSBSE approach to meson bound states provides a natural means to investigate and discuss the partial-wave characteristics of a state by virtue of its manifest and inherent Poincaré covariance; notably, also those characteristics may be obtained, which have no correspondence in non-Poincaré covariant physics.
In terms of the computational setup, a crucial strategy in order to keep the full Poincaré covariance of the approach is to perform the full hyperpolar angle integration instead of expanding the BSA's angular dependence in, e. g., Gegenbauer [56] or Chebyshev [81] polynomials. As a result the dependence of the bound-state mass on the momentum partitioning parameter, which can be considerable in case of an expansion [82] , is below the numerical precision, i. e., when the bound state mass is determined up to a particular tolerance, the variation w. r. t. the momentum partitioning parameter remains below this tolerance. Therefore, one may fully exploit the choice of the momentum partitioning parameter in order to keep non-analyticities of the quark propagator outside of the BSE's integration domain as far as possible [21, 56] .
Results and discussion
In order to investigate meson properties herein we use a well-known effective interaction [82] with the model parameters ω = 0.5 GeV and D = 1/ω 4 GeV −2 . The results for the meson masses as well as leptonic decay constants for the following quark-flavor combinations are presented in Fig. 1 :qc (upper left panel),sc (upper right panel),cb (lower left panel), andcc (lower right panel). To avoid one particular fitting bias we adjust the current quark masses for the charm quark in two different ways: on the one hand, we aim at the experimental D-meson mass, and on the other hand, we aim at the experimental mass of the J/Ψ, both well known quantities.
The former set of results is presented by filled circles in all panels of Fig 1, the latter set is represented by filled diamonds. The sets are presented next to each other for easy comparison. In each plot, the left (blue) axis corresponds to the meson mass M, while the right (red) axis corresponds to its leptonic decay constant f , which is realized in the data points by their boundary color. In addition, excitations are coded via the fill color of the symbol such that blue filling represents ground states, red corresponds to the first excitation, and white to a second excitation. Furthermore, for each set and plot, short horizontal lines are plotted to indicate the pole threshold discussed above.
Overall we find a fairly rich spectrum with a reasonable number of excitations below the pole threshold, i. e., which can thoroughly be evaluated on-shell without extraction from off-shell data and with reliable numerical stability. However, apart from the pole threshold, one immediately encounters two other issues which impede the investigation and reduce the number of accessible states when approaching the open-flavor meson spectrum within the DSBSE approach.
First of all, one may find non-monotonic behavior of the eigenvalue curves w. r. t. the bound state momentum P 2 , which are monotonically growing functions for quarkonium states. In such a case, the EPJ Web of Conferences 1
2. existence of a solution may depend strongly on details of the model or parameter values, since any small influence can shift a curve enough to avoid intersecting 1, which is the condition for a solution of the homogeneous equation when it is solved as an eigenvalue problem [83] . One then faces the simple numerical problem to find a quark mass for which solutions exist, which often requires manual intervention or a very fine bound state momentum P 2 grid. If the latter is too coarse, the intersection with unity might be missed for solution strategies relying on eigenvalues as well as the corresponding determinant. In addition, neighboring solutions along the same eigenvalue curve can occur like, e. g., for theqc states in Fig. 1 (upper left panel) .
Secondly, two neighbouring eigenvalue curves can, upon crossing, collapse on a certain domain in the sense that they have identical real parts, but obtain non-zero complex conjugated imaginary parts. Clearly, there is no way to obtain a bound state solution in a case, where the real part of such a pair of complex-valued curves intersects 1. One might, however, suspect that solutions exist for complex bound-state momentum squared. On the other hand, since the RL truncated BSE does not include hadronic decay channels, which one would expect when finding a decay width of the state, it is not clear how to interpret such a scenario. Note that an iterative procedure in finding the eigenvalues [83] cannot produce complex conjugate eigenvalue pairs correctly; more sophisticated methods are needed to obtain correct results in this case [32, 52] .
Recently, we have performed an analysis of the OAMD of BSAs for quarkonia as well as openflavor states with strangeness [21, 37] . Since a charmed or any other heavy-light meson is more unbalanced than a kaon, the question arises how the OAMD looks for the states considered here. As an example, we depict the result of our OAMD analysis of the D s ground-and excited states in Fig. 2 as a continuation of the studies in [37] and [21] with the corresponding effective interaction of [84] .
A standard equal-flavor pseudoscalar meson is predominantly an S-wave (blue) state with only minor or even negligible mixed S − P-wave and P-wave contributions, well in accord with expectations from the quark model [37] . With different-mass quark ingredients, however, this can change. For the depicted pseudoscalar D s ground state we find a predominantly mixed configuration with negligible pure S-and P-wave contributions, which is rather unusual. To investigate this, we redid the analysis for the ground state with a slightly shifted strange-quark mass; the result, which is more along the typical lines, is shown in the lower right panel of Fig. 2 . Apparently, the unusual ground-state result is not robust, and further investigation is needed to clarify the situation of OAMD in heavy-light states. Interestingly, both excitations, the first of which is a quasi-exotic state, follow the pattern of being predominantly S-wave states.
Summary and outlook
In summary, we have demonstrated that the coupled vacuum equations for the quark propagator dressing functions can be cast to a single equation for a single function which can uniquely be mapped to the original propagator functions. While for p 2 ≥ 0 the numerical effort stays the same, it is considerably reduced for p 2 ∈ C \ R + . Furthermore, we have presented heavy-light meson phenomenology and also revealed the major challenges and technical issues to be addressed in further open-flavor studies within the combined DSBSE approach. Several aspects, as described above, can either obstruct a direct investigation of the higher-lying spectrum or distort the expected behavior of one or a pair of eigenvalue curves of the BSE kernel; all of these deserve further study.
Finally, we performed the OAMD for ground state and two excitations in the D s channel. While we get an unusual result for the ground state, closer analysis shows that also charmed strange pseudoscalars appear to be mostly S-wave states.
Next, the investigation will be completed by including all possible quark flavor combinations and all accessible quantum numbers J P(C) . This will make our study the most comprehensive investigation of the meson spectrum and leptonic decay constants in terms of quark flavors and quantum numbers J P(C) currently available in the DSBSE approach, providing a benchmark until the above mentioned issues have been resolved.
